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1. Introduction

The pure spinor formulation of superstrings is a new formalism [[l] which powerfully uses
the advantages of the RNS formulation and those of the GS formalism. In particular,
the purpose of its creation was to provide a set-up where the RR fields (appearing in the
spectrum of superstrings) could be treated on the same footing as the NSNS ones. This
equal-footing treatment of the bosonic massless modes of superstrings is realized in every
formulation of supergravity (in components, in superspace or, using rheonomic approach).



Therefore it would be convenient also for the pure spinor sigma model. This means that
the couplings of the worldsheet fields with the RR backgrounds must be very similar to
the coupling with the NSNS fields. This is indeed achieved in the pure spinor formulation.

Dealing with the complete supergravity multiplet and with its non-linear self-
interactions requires a full-fledged formulation of pure spinor superstrings on arbitrary
(on-shell) background. This has been achieved in the fundamental work [J] where a generic
sigma model, respecting the requirements of super-Poincaré invariance (both on the world-
sheet as well as in the target space) and with the correct quantum numbers has been con-
structed. Consequently, according to the formulation, two BRST currents and their charges
are provided. Thus, imposing the nilpotency of these BRST charges (which is equivalent
to the closure of the constraint algebra) and the holomorphicity of their currents (which is
equivalent to the invariance of the action), the authors derived the supergravity equations
of motion in the form of superspace constraints. The main input in [J] is the requirement
of the constraints on the ghost fields

MI™A =0, XN = 0.

Here \; = A\!'C with C is the charge conjugation matrix. The index i stands for the right- or
the left-mover pure spinors whose chirality is decided by choosing either IIA or IIB. These
constraints are necessary for the nilpotency of the BRST charge in the flat limit and they
are essential to establish the correct number of degrees of freedom. Therefore, they have
been imposed also for the interacting sigma model on generic backgrounds. Doing that, the
emerging superspace constraints have a complicated and unconventional relation with the
standard description of supergravity. Yet, in [ff] it is argued how, using Weyl superspace [J],
one can relate the supergravity constraints from the pure spinor formulation with those
given in [fl, . To be more explicit, the connection between a more conventional setting and
the pure spinor formulation is obtained by a Weyl transformation involving the dilatino
followed by a Poincaré transformation needed to reabsorb some additional terms in the
variation of the gravitino fields. Thus, the conclusion is that, insisting on very simple pure
spinor constraints, the ensuing supergravity parametrization in superspace turns out to be
rather obscure. This fails to provide a practical and an effective algorithm to deduce the
pure spinor sigma model starting from a given supergravity background.

Let us invert the path. The old path goes from pure spinor constraints to the sigma
model and yields the supergravity constraints as a by-product. The new path goes from
the geometrical formulation of supergravity to the pure spinor sigma model. Indeed, we
decide to start from a convenient description of supergravity and deduce the constraints
and the conditions under which a pure spinor sigma model can exist.

For these reasons it is highly desirable to have a formulation of the pure spinor sigma
models in which the pure spinor constraints, the BRST operator and the entire set up
follow from background supergravity as it happens for the k-symmetric actions.

Such a formulation is presented in this paper. Previous work in this direction was
accomplished in [—[], where such ideas were applied to the case of M-theory and of the
M2-brane. Here we focus on type II superstrings and in particular on the type IIA case.



This is not a random choice but it is motivated by precise reasons. Our ultimate goal is
three-fold, since we want to show that:

1. The pure string BRST invariant o-model can be constructed on arbitrary supergravity
backgrounds;

2. The structure of the BRST algebra, the form of the pure spinor constraints and the
2-dimensional action can be algorithmically derived from supergravity and its Free
Differential Algebra;

3. The explicit form of the o-model action obtained in this way is of immediate practical
use for dealing with backgrounds characterized by less than maximal supersymmetry,
like AdS x M supergravity solutions where M is not a sphere.

As we already discussed in [], issue 3) consists of solving the supergravity problem of
supergauge completion. This means the explicit integration in superspace of the rheonomic
conditions which are first order differential equations in the Grassmann #-variables. Such
integration is just a brute-force matter (see for example the application to super-Yang-
Mills in 10d [fJ]), being a priori guaranteed by the fulfillment of Bianchi identities and,
it can be quite cumbersome in general situations. In the directions of those #-variables
that correspond to supersymmetries preserved by the chosen background, the integration
is automatically performed by the use of Maurer-Cartan superforms of the superisometry
algebra (for instance SU(2,2[1) in the case of the AdSs x T compactification of type
I1B supergravity [[[J-[J] or Osp(6]4) in the case of the AdSy x P compactification of the
type ITA theory [[L3]). In the other directions, namely those along the §’s associated with
broken supersymmetries, the integration of the rheonomic conditions might be involved.
Hence, in order to explore the structure of the supergauge completion it is desirable to have
the minimal possible amount of broken thetas. Among the possible compactifications, one
case is the AdSs x P? background. There the preserved thetas are 24 and the broken ones
just 8, and they are arranged into an O(2) doublet of D = 4 spinors leading to the hope
that the corresponding sigma model as a nice and insightful description. It is therefore in
such perspective we began to focus on the type IIA case rather than on the type IIB one
which will follow [[[4].

A second technical reason for this strategy will be clear to the reader. In order to
carry through our programme, the formulation of supergravity which is required is in the
string frame rather than that in the Einstein frame. Although the two formulations are
simply related by a field redefinition, the implementation of such a change of variables in
the rheonomic solution of the Free Differential Algebra Bianchi Identities is so cumbersome
that it turns out to be more convenient to redo the construction of supergravity directly
in the new frame. In view of this we can say that neither the type IIA nor the type IIB
theory were available in the rheonomic framework and in the string frame when we started
the present work. Indeed the rheonomic type ITA theory was never constructed, while
the rheonomic type IIB case was constructed by Castellani and Pesando in the Finstein
frame [[[5, [[]. The transition to the string frame is even more elaborate in the IIB case



than in the ITA one, due to the SU(1,1) covariance of the IIB theory, which is made
manifest only in the Einstein frame.
Having clarified our motivations, let us summarize the structure of the paper:

1. As already recalled above, the algebraic structure underlying any higher dimensional
supergravity theory is a Free Differential Algebra (FDA) [[7, [§. This latter is a cat-
egorical extension of a (super) Lie algebra determined by the Chevalley cohomology
of the latter [1d];

2. Given the FDA one considers its Bianchi identities and constructs the unique rheo-
nomic parametrization of the FDA curvatures. Rheonomy is a universal principle
of analiticity in superspace [R(] which requires that the fermionic components of the
FDA curvatures should be linear functions of their bosonic ones. Rheonomy encodes
in one single principle the construction of both field equations and supersymmetry
transformation rules for any supergravity. Indeed field equations follow as integra-
bility conditions of the rheonomic parametrization of curvatures. The flow chart for
the construction of classical supergravities was for instance recently presented in [{;

3. Consider then the FDA appropriate to the supergravity under investigation and the
rheonomic parametrization of its curvatures;

4. Perform the ghost-form extension of the classical FDA according to the principle
introduced by Anselmi and Fré in [21)], which generalizes ideas previously introduced
by Baulieu [P3] namely:

The BRST algebra is provided by replacing, in the rheonomic parametrization of the
classical supergravity curvatures, each differential form with its extended ghost-form
counterpart while keeping the curvature components untouched. Thus one obtains the
rheonomic parametrization of the ghost-extended curvatures, whose formal definition
is identical with that of the classical curvatures with the replacements:

d — d+ S8
1.1
Qb Yo Qin-ral (1.1)

where S is the BRST differential and Q"~??! is a ghost form with form degree n —p
and ghost number p.

In this way one has the ordinary (unconstrained) BRST algebra of supergravity;

5. Set to zero all the bosonic ghosts. This defines a constrained BRST algebra and for
consistency a certain set of pure spinor constraints. The correct constraints are the
projection onto the world-sheet (brane world volume) of these constraints.;

6. Verify that the pure spinor constraints can be solved in terms of as many independent
degrees of freedom as it is required for a conformal theory in d=2 in the case of
superstrings with vanishing central charge;



superPoincaré algebra

4
FDA
4
Rheonomic solution of FDA Bianchis

\

BRST ghost-extension
\

Restriction to fermionic ghosts
4
Berkovits algebra and pure spinor constraints

Table 1: Derivation of the Berkovits algebra.

7. Introduce the appropriate antighosts and Lagrange multiplier field and construct the
BRST invariant quantum action.

The whole procedure can be summarized in table [i

In this way we determine a path from the superPoincaré algebra to the Berkovits
BRST algebra on the fields of non negative ghost-number (see the above flowchart). As
we pointed out in [§ the inclusion of the extra fields with negative ghost number (the
antighosts) requires more explanation since it is not a standard gauge-fixing procedure but
it is obviously essential for the construction of the o-model action.

We explicitly show how to realize the last steps of the construction in the case of the
type IIA theory and we emphasize that they are just possible because of some very special
features of the rheonomic solution of the FDA Bianchi identities which are displayed by its
string frame formulation and are instead absent in the FEinstein frame.

The result of our construction is an explicit expression of the pure spinor BRST invari-
ant action of type IIA superstrings holding true on any supergravity background, irrespec-
tively of the number of supersymmetries it preserves. As a by-product of the construction
we have also the emission vertices for all the supergravity fields, both fermionic and bosonic,
both of the Neveu-Schwarz and of the Ramond Ramond sectors.

Our paper is organized as follows: In section 2, we discuss the formulation of super-
gravity using the Free Differential Algebra in the string frame. We compute the complete
parametrization of the fermionic and bosonic curvatures, including the 3 and 4-fermion
terms. In section 3, we construct the Green-Schwarz sigma model for type ITA superstring
using the FDA and we discuss the background independence. In section 4, we provide the
pure spinor formulation of superstring based on the BRST transformations obtained from
the FDA. In appendices we supplement the main text with some detail of the derivation
and the conventions.

2. Type IIA supergravity and its FDA

Free Differential Algebras (FDA) are a natural categorical extension of the notion of Lie



algebra and constitute the natural mathematical environment for the description of the
algebraic structure of higher dimensional supergravity theory, hence also of string theory.
The reason is the ubiquitous presence in the spectrum of string/supergravity theory of
antisymmetric gauge fields (p-forms) of rank greater than one.

FDA.s were independently discovered in Mathematics by Sullivan [[g] and in Physics
by two of the authors of this paper (R. D’Auria and P. Fré) [[7]]. The original name given
to this algebraic structure by D’Auria and Fré was that of Cartan Integrable Systems.
Later, recognizing the conceptual identity of this supersymmetric construction with the
pure bosonic constructions considered by Sullivan, we also turned to its naming FDA
which has by now become generally accepted.

Let us also recall that the classification and the explicit construction of FDA.s relies
on two structural theorems by Sullivan showing how all possible such algebras are cohomo-
logical extensions of normal Lie algebras or superalgebras (for a recent and short review of
these concepts just adapted to our purposes see [f]).

The Free Differential algebra of type ITA supergravity in D = 10 can be obtained by
dimensional reduction on a circle S' from the FDA of the D = 11 supergravity [23, 4.
Although straightforward this construction was never shown in the literature and it is
quite lengthy and laborious. For this reason in appendix [Bl we sketch the main steps of
such a derivation. Furthermore, as we explain extensively in the sequel, our main target is
the rheonomic parametrization of the FDA curvatures in the string frame and not in the
Einstein frame. Hence in the quoted appendix we develop a mixed strategy to obtain our
goal. We begin by constructing the rheonomic parametrization of the bosonic curvatures
in the Einstein frame using dimensional reduction from D=11. In this way we also obtain
the bosonic field equations of type IIA supergravity from dimensional reduction which is
an easier task than deriving them from the Bianchi identities or from the construction of
the D = 10 action. Next we perform a Weyl transformation to the string frame which
changes the bosonic field equations only by an easy rescaling and once we have obtained
the rheonomic parametrizations of the FDA curvatures in the string frame we directly
determine the rheonomic parametrization of the fermionic curvatures in that frame from
the analysis of the Bianchi identities.

All the above mentioned steps are discussed in the appendix. In the main text, we
simply present the final result, namely type IIA supergravity in the string frame.

2.1 Type IIA FDA in the string frame

The field content of type ITA supergravity is given in table fJ. This field content corresponds
to the basic forms of a specific Free Differential Algebra including the 0-form items entering
the rheonomic parametrizations of its curvatures.

The starting point is, as usual, the superPoincaré algebra. In D = 10 we have two
superPoincaré algebras with 32 supercharges, the type ITA and the type IIB. The Maurer
Cartan description of the type IIA superalgebra is obtained by setting to zero the following
curvatures:



Form/degree | string sector | SO(1,9)-rep/Chirality | superstring zero modes
Ve -[1] NS-NS (2,0,0,0,0) graviton hy,,
T,Z)R 1] R-NS (%, %, %, %, %) - right gravitino 9r,
- [1] NS-R (%, %, %, %, %) - left gravitino 1,
2] - [2] NS-NS (1,1,0,0,0) Kalb-Ramond
cll-] R-R (1,0,0,0,0) R-R 1-form
CBl - [3] R-R (1,1,1,0,0) R-R 3-form
XR NS-R (%, %, %, %, %)— right dilatino right
XL R-NS (%, %, %, %, %)— left dilatino left
% NS-NS (0,0,0,0,0) dilaton
Table 2: Field content of type ITA supergravity.
Type ITA superPoicaré algebra in the string frame.
R® = dw®™ — w9 A w® (2.1)
B a ol a
T“EDV“—li(wL/\I‘ Y + p AT PR) (2.2)

1
prr =DYrr = dbpr — ~w® A Tapbr g

1 (2.3)
G = dcl + exp[— ] ¥ A YL (2.4)
£ = dop (2.5)
1
VXr/r = dXL,R — ~w™ A Top XL,R (2.6)
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where the O-form dilaton ¢ appearing in eq. (2.4) introduces a mobile coupling constant.
Furthermore, V® w® denote the vielbein and the spin connection 1-forms, respectively,

while the two fermionic 1-forms 7, are Majorana-Weyl spinors of opposite chirality:

F'uvrr =¥ r- (2.7)

The flat metric 7, = diag(+ —) is the mostly minus one and I'j; is hermitian and
squares to the the identity '}, = 1.
Setting R = T* = G

a superalgebra where the spinor charges, Q1 g dual to the spinor 1-forms 17, r not only

= fll = 0 one obtains the Maurer Cartan equations of

anticommute to the translations P, but also to a central charge Z dual to the (Ramond
Ramond) 1-form CH.

According to Sullivan’s second theorem the FDA extension of the above superalgebra is
dictated by its cohomology. In a first step one finds that there exists a cohomology class of
degree three which motivates the introduction of a new 2-form generator B[?l which in the
superstring interpretation is just the Kalb-Ramond field. Considering then the cohomology
of the FDA-extended algebra one finds a degree four cohomology class which motivates the
introduction of a 3-form generator CP¥l. In the superstring interpretation, this is just the
second R-R field, the first being the gauge field Cl!l. Altogether the complete type IIA
FDA is obtained by adjoining the following curvatures to those already introduced:



The FDA extension of the type ITA superalgebra in the string frame.

HE = aB? + i (¥, A Tuvor, — ¥g A Tatpr) AV (2.8)
G = acll + BP A acl!
1 _ _
—5 exp [—¢] (¥ A Taptbr + ¥r A Taptor) A VEA V. (2.9)

Equations (B.1))-(R.§) together with eqs. (.§)-(B.9) provide the complete definition of the
type IIA Free Differential Algebra.

The next task is that of writing the Bianchi identities and construct their rheonomic
solution.

The Bianchi identities. The curvature definitions listed above lead immediately to the
following Bianchi identities which we write, already under the assumption that the torsion
is zero T = (:

0=DR®

0=R® AV, —i(¥y ATy + ¥ A Tp)

NN
— =
(=)

1
0=Dprr + ZRab AN Tap¥r/r
0=dGH + I A exp[—¢]Pp AL + expl—¢] (Yr A pr—Pp, A pr)
0 = dfll
0=dH® + 2i (Y, ATupr — Pp A Topr) AV
0=dGY —HP AN GE i (¥, ATuvr — Ur ATutbg) A VE A GE
+HP A exp[— @] ¥g A YL
1 _ _
— 5t A expl=l (@ A Tap¥r + Ug A Laptir) AVEAV?
—exp [— ¢] (EL ATapr + Ur A Fapr) AVEAVD (2.16)

1
0:D2XL/R+ ZRab/\FabXL/R- (217)

~ ~ ~
[
[\

—_— — Y ~—  ~— —

—_ = =
N

As it is the case for all supergravities and for all FDA.s the above Bianchi identities admit a
unique rheonomic solution up to field redefinitions. The rheonomic solution of the Bianchis
implies also the field equations of the theory given as a set of constraints to be satisfied by
the space-time curvature components. The choice of a frame is performed by imposing an
additional condition which fixes the field redefinitions. In particular we define the string
frame by requiring both the vanishing of the torsion

T =0 (2.18)

and the vanishing of all of the fermionic sectors of the 3-form curvature H®l. This amounts
to setting:

HE = Hu VO A VA VE. (2.19)
One can indeed verify that the fulfillment of the above conditions requires a Weyl rescaling
of the fields which yield the usual prefactor e=2% in front of the NS-NS and the fermionic
sector of the action. The relevance of the frame-fixing choice (R.19) will be illustrated in
section [] where we discuss the Green-Schwarz superstring action and k-symmetry.



2.2 Rheonomic parametrizations of the type ITA curvatures in the string frame

In order to present our result in the form most suitable to our later purposes, namely the
discussion of the BRST chiral algebra which leads to the construction of the pure spinor
superstring action, it is convenient to introduce a set of tensors, which involve both the
supercovariant field strengths Gup, Gapeq of the Ramond-Ramond p-forms and also bilinear
currents in the dilatino field xr,p. The needed tensors are those listed below:

1 9
My = <§ expl¢] Gay + — XrTaw XL)

64
M 1 [ ]g 3 r
abed 16 PlP] Yabed 256 X1 abed XR
3
N = ZYL XR
1 9
Nap = 1 exp[e] Gap + ﬁXRFab XL =2Mg
1 1 2
Noped = 1 exp|¢] Gabed + mYR Capea XL = _gMabcd- (2.20)

The above tensors are conveniently assembled into the following spinor matrices

Z = N % 3 Nypeq T4 (2.21)

My =i <:|:Mab T + Maped FaM) (2.22)
NEY™ = FNo1 + Ny T F Nopea T (2.23)
Npd) — i%fafai G%YR/LPachR/LFabC_ %Habcrabc (2.24)
£l = Mo, ol = 2 M T (2.25)
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In terms of these objects the rheonomic parametrizations of the curvatures, solving
the Bianchi identities can be written as follows:

Bosonic curvatures.
T =0 (2.26)
R® = R®p VI ANV 4+ @ AV™ + 4 O p A V™

3 - A aoc
+i5 (Wp ATetr = Yg A Tetpr) HY

+9, ATl ZT g (2.27)
HE = H VO A VE A VE (2.28)
GPl =gy Ve AV + igexp [—¢] (XL Tatr + XpTatr) A V° (2.29)
(= £V + 2 (Rpr — X 0n) (2.30)
G = GupeaVE AVEAVE AV

—i% exp[—¢] (X Tabe ¥ = Xg Tabe ¥r) A VEA VP AV, (2.31)



Fermionic curvatures.

(odd (0,2)

wR/L AV + pL/R (232)
Vxr/r = Daxpr V" +N. N (o R+N ¢R/L- (2.33)

PL/R = ab/R Ve n Ve o4 gl Y r ANV + L,

Note that the components of the generalized curvatures along the bosonic vielbeins do not
coincide with their spacetime components, but rather with their supercovariant extension.
Indeed expanding for example the four-form along the spacetime differentials one finds that

~ _ a b c d 4] (2] (1]
Gruvpo = GareaVe A V2 A VE A VE= 0,01 1 B2 9,01 -

1 = —
-3 e ¥ <¢L[u Fup ¢Ra] + ¢R[u FVP T;Z)La]>
1 - -
+1 5 exp[—go] (XL F[,uz/p ¢Lo} — XR F[HVP ¢RC’])

where G is the supercovariant field strength. In the parametrization (2.27) of the Riemann
tensor we have used the following definition:

OubleL/rR = —1 <Fa/0bcR/L + vpear/ — FcPabR/L> - (2.34)
(0,2)

Finally by p; R We have denoted the fermion-fermion part of the gravitino curvature whose
explicit expression can be written in two different forms, equivalent by Fierz rearrangement:

21 _ .
pfﬁg =+ 3_2Pa Xr/LYL/r N TYL/R
1 A a1a42a3a4a
:F%Palagagtmas XR/L (wL/RP Hadst 5¢L/R) (235)
or
0,2 3. _ 3. _ a
P(L/R) =+ §1¢L/R N XRr/L YL/ E 1_61Pab Yrr A Xrp T®r/n.- (2.36)

2.3 Comments on the curvature structure in the string frame

The rheonomic parametrizations presented in the previous section have some distinctive
features which are deprived of any relevance in a supergravity context while they turn out
to be crucial for the successful construction of a BRST invariant pure spinor superstring
o-model. Let us point these features out:

1. The rheonomic parametrization of the Neveu-Schwarz curvature H3 is purely inner,
namely there are no dilatino terms on the right hand side. As we anticipated this
is the very definition of the string frame and it is important in order to write a
k-symmetric Green-Schwarz superstring action.
(1,1)
L/R
same chirality, which involves only Neveu-Schwarz field strengths and one of the

2. The (1,1) sector of the gravitino curvature p is divided in two parts, one of the

opposite chirality which involves Ramond-Ramond field strengths instead:

3 . . )
Pijn = F g Have D Yy AV MaTatip AV (2.37)

NS same chirality RR opposite chirality

— 10 —



From a supergravity viewpoint we simply expect a linear combination of gamma
matrices with coefficients given by the bosonic field strengths and the specific form
of such a linear combination has no particular relevance. On the other hand, for the
construction of a pure spinor BRST invariant action, the particular structure of p(Ll/’g
in the mixed chirality sector, which singles out a matrix M4 with no vector indices,
is just essential. Indeed, as we are going to see, the matrix M is just what can be

used to introduce into the BRST Lagrangian a term of the form:
a+ M+ d_ €+ Ne

the fields d4+ being the Lagrange multipliers of the BRST complex. Such a term
is the vertex operator of the Ramond-Ramond fields and it is an important part of

Berkovits’ construction. It would not be allowed if the Lorentz structures appearing in

(1,1)
PL/R
for the pure spinor part of the superstring action, appears precisely in the string

were different. It is remarkable that such a specific Lorentz structure, essential

frame, in which the Green-Schwarz part of the same superstring action is naturally
formulated. For instance in the Einstein frame the Lorentz structures appearing in

p(Ll/’g are different.

3. The p(o’?%) part of the gravitino curvature is such that, also in the presence of general

L/
backgrounds, with non trivial dilatino fields, the contribution to p(LO’2) is only from
bilinears in ¥ and that to pg’2) is only from bilinears in 1g. This feature is appar-
(0,2)

ent in both the expressions of p, R given in (2.36) and will turn out to be crucial in
proving the BRST invariance of the Berkovits action since it implies that the anti-
commutator of the left-handed BRST operator with the right handed one vanishes
on the gravitino field. It is once again remarkable that this third essential feature of

the rheonomic parametrizations occurs in the same frame as the other two. Indeed
(0,2)

the mentioned structure of p LO/ 7 1s not true in the Einstein frame.

The above discussion has been anticipated in order to emphasize that the subsequent con-
struction of a Berkovits-like pure spinor superstring action is just founded on the existence
of a supergravity string frame where the rheonomic parametrizations display the three fea-
tures mentioned above. In solving the Bianchi identities it is by no means obvious a priori
that these features should simultaneously appear. Yet they do and this gives rise to the
Berkovits sigma model.

2.4 Field equations of type ITA supergravity in the string frame

As usual the rheonomic parametrizations of the supercurvatures imply, via Bianchi identi-
ties a certain number of constraints on the inner components of the same curvatures which
can be recognized as the field equations of type IIA supergravity. We derived the bosonic
part of these field equations in two steps: First we performed the Einstein frame dimen-
sional reduction on a circle of the field equations of D = 11 supergravity. Then we applied
the Weyl transformation which relates the Einstein frame to the string frame:

Vi = Vet (2.38)

— 11 -



Obviously we could have obtained the same result directly from the Bianchi identities in
the string frame, yet this would have been much more laborious.
The result is the following one. We have an Einstein equation of the following form:

Rap = Tup (f) + Tup (G2) + Tup (H) + Tip (Ga) (2.39)

where the stress-energy tensor on the right hand side are defined as

P 8 1 )

Tab(f) = —Da,Db(P"i‘ §Da90pb90_77ab <ED(,0+ §Dm(po(p> (2.40)
Tup (G2) = exp [2¢0] Gaa Goy 0™ (2.41)
-~ 1 9 1
T (H) = — exp [§ gp] <§ Hazy Howe 1" 1Y — g Tlab Hay- Hmyz> (2.42)

~ 1
Tab (g4) = €Xp [2()0] <6gax1x2x3gby1y2y3nmly1 77$2y277$3y3 - §nang1...x4gmlmx4> . (243)

Next we have the equations for the dilaton and the Ramond 1-form:

a 3 r1x
0=0¢ —2f, f* + 5 exp 2] G2 Gy

3 3 4 .
+ 5 €xp [2 90] gx1x2x3x4 g:c1:c2x3964 + Z *xp |:§ (‘D:| Hx1x2x3 Hxlml’.‘i (2'44)

)
0 = Dm gma - g fm gma + 3gax1x2x3 H;ple;pS (2.45)

and the equations for the NS 2-form and for the RR 3-form:

2
0= Dm Hmab _ g fm Hmab

1

4
— €xXp |:§ 90:| <4 gmleGb gmlmz - ﬂ eabml...mg gx1m2m3m4 gm5m6x7w8> (246)

0 — Dm gmalazag + lfm gma1a2a3
3

2 3 1
+ exp |:§ ‘P:| <§ gm[m HGQCLS]H NMmn + 4_8 6a1a2a39E1m$7gx1x2x3x4 Hx5x6x7> '(2'47)

Any solution of these bosonic set of equations can be uniquely extended to a full super-
space solution involving 32 theta variables by means of the rheonomic conditions. The
implementation of such a fermionic integration is the supergauge completion.

In this way we have completed the discussion of type IIA supergravity in the string
frame. Let us now turn to superstrings.

3. The Green-Schwarz action and k-symmetry

As we already mentioned in the introduction the Green-Schwarz k-symmetric action of type
IT superstrings has exactly the same form (in the string frame of background supergravity
fields) for the ITA and IIB case. It is just the form of the k-symmetry transformation
against which it is invariant that is slightly different in the two cases. Actually also these
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transformations are essentially the same up to the obvious replacement of 17, /r gravitinos
with their chiral 1 2 analogues and similarly for the parameters.

The reason for this equality of the type ITA and type IIB actions is due to the following
peculiarity which characterizes both the NS and the GS superstring formalism: they intro-
duce into the action just one half of the (super)-forms describing (super)-space geometry.
All the well known difficulties connected with the description of RR emission vertices and
with the string quantization in non-trivial RR backgrounds are connected to this blindness
of the formalism which ignores half of the geometry. The new BRST formulation of su-
perstring actions based on pure-spinor superghosts is the only, so far discovered, way-out
of this contradiction. Indeed in the pure spinor approach the ghost-antighost sector ap-
pears to provide the missing fields which couple to the other face of the moon, namely the
fermionic forms 17,z and the RR superforms. Hence the BRST invariant actions of type
ITA and type IIB theory will be different although similar just as the s-symmetry trans-
formations are slightly different in the two cases. The BRST form of the action is just an
extension of the Green-Schwarz action which is identical in the two cases. This is the world
sheet counterpart of what happens for the bulk supergravity action. Also there restricting
the Lagrangian to the Neveu-Schwarz sector we obtain identical sub-Lagrangians while it
is the extension by means of the fermionic and Ramond Ramond fields that is different in
the two cases A and B.

In this section we construct the Green-Schwarz action of type II superstrings moving
in a generic supergravity background and we consider its invariance against xk-symmetry
in the case of type IIA superstrings.

3.1 The general form of the GS action

Employing, as it is required by the rheonomic construction of the Lagrangian, the first
order formalism [2J], we write the Green-Schwarz action as the sum of two addenda, the
kinetic and the Wess-Zumino contributions:

Ags = Axin + Awz (3.1)

where:

Arin = / <Hi Ve A et — TI% VPrgy A e”

1 ” _
+ 51_[? H;’» I naet A e > (3.2)
1 2]
AWZ = 5 q B (33)
In the above two formulae, et = €? + e! denote the zweibein of the string world-sheet in
01
light-cone basis for the 2d Lorentz indices, namely 7;; = 1o while by II¢ we have

denoted the usual O-form auxiliary field whose equation identifies it with the projection of
the target vielbein V' onto the world volume zweibein e*. The coefficient ¢, denoting the
string charge, is fixed in such a way as to obtain a completely x supersymmetric action
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in any background. As we already stressed there is no dilaton prefactor in the above
action since the FDA gauge forms (in particular the vielbein) and curvatures were already
transformed to the string frame.

First of all let us check the relative coefficients in the kinetic action (B.Z) by calculating
its variation with respect to the auxiliary field II%. We obtain:

0= JAun _ / (inabvb AeE + et A e—)
STIL
Y
Ve =T%e" + % e~ (3.4)

which is the required result for the elimination of the auxiliary field II* and the transition
to second order formalism.
Next let us introduce the following short hand notation:

F:I: = Hl:ll: Pa (35)
and let us check the k-symmetric invariance of the GS action in the A case.

3.2 k-symmetry in the type ITA case

Relying on the rheonomic parametrizations of the FDA let us calculate the variation of the
Green-Schwarz action (B.1]) under a target supersymmetry of parameters e, /R We obtain:

5susy -Akin = / i[(EL F-i- 1/}[/ + €r F+ wR) A €+

— (@ T-¢r +ET-yr) Ae | (3.6)
6susyAWZ = —dq / i[(ELF—FwL - ERF+¢R) A et
+ (ET-9¢r —eT-Yr) Ne]. (3.7)

Let us now recall that the rules of the 1.5-order formalism which we use in all our p-
brane constructions impose that, after variation, we should implement the field equations
of all the auxiliary fields whose equation of motion is algebraic and allows for their own
elimination in terms of dynamical fields. In the string action these latter are the O-form
fields T1¢ and the 2-dimensional zweibein e’. The field equation of the first is (B.4) while
the field equation of the zweibein is simply:

Moy TP TG = 1y (3.8)

namely the statement that the world-sheet metric is the pull-back of the target superspace
metric. Under these conditions one obtains:

=" Ne (3.9)
where:

1 y
L) = (Hi VO A et = T VP A e™ + I 107 g € A e‘) (3.10)
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is the 2-form which corresponds to the kinetic Lagrangian.
Assembling these results we find:

Soney Acs = / i [(1—q) & Tathr + (1+q)eRT4or] A e

—i[l+qg &L+ (1—-qerT-vg] Ne. (3.11)

The above variation vanishes under the following conditions:

q=1
€1, = €[, Pt
€r = e€r P~ (3.12)
where:
4 1
is the x supersymmetry projector. Indeed we have P* 't = 0and P*T,_ = 1 which

are the necessary and sufficient conditions in order for half of the terms in eq. (B.11) to
cancel. The other half of them cancel thanks to the choice of the parameter q.

This concludes the derivation of the x-symmetric action of a type IIA superstring
moving in the background of any supergravity solution, namely of any solution of the
type IIA field equations lifted to the whole (10, 32)-dimensional superspace by means of
rheonomy. The above formulae encode a complete algorithm to write down the explicit
Green-Schwarz bosonic-fermionic sigma model once the explicit form of the superforms
ve, Bl o is given. However, since the most general background is characterized by
mutually interacting fermion, NS-NS and R-R fields, these latter have to be determined at
the same time as the NS-NS forms and the fermionic gravitino forms ¢ /p.

3.3 Background independence

It should be stressed that both in the case of the Green-Schwarz actions or of their descen-
dant Pure Spinor actions the problem of constructing the sigma model is always split into
two conceptually well separated parts:

(a) Construction of the action in a generic supergravity FDA background;

(b) Super-gauge completion, namely explicit integration of the rheonomic conditions in
a given bosonic background in order to produce the explicit 6-dependence of the
superforms appropriate to that background.

The solution of point (a) is universal, can be done once for all and it is the goal of the
present paper. Point (b) is obviously case dependent and can be more or less technically
difficult depending on the structure of the chosen background. Yet it must be observed that
it is a guaranteed step since the fermionic equations to be integrated are of the first order
and integrable by very construction. The issue is just a matter of elegance and brevity
in writing the solution, which can always be reached, although in most cases its explicit
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expression may require a considerable calculational effort. We stress this fact because there
has been some confusion about this in the literature, particularly in connection with the
pure spinor formulation. The pure spinor o-model has been constructed case by case on
given backgrounds as if the form of the action and the BRST transformations had to be
reinvented each time. This has probably somehow obscured the general structure and the
remarkable economy of principles underlying this new setup which solves some of the open

questions in superstring quantization.

4. The pure spinor action and BRST symmetry

As advocated at the end of the previous section the alternative to k-symmetry is the BRST
quantization of the Green-Schwarz action by means of constrained BRST transformations
using pure spinors superghosts. The procedure consists of the following three steps:

(a) Derivation of the constrained BRST algebra in the non-negative ghost-number sector
from the FDA curvatures and their rheonomic parametrizations;

(b) Introduction of antighosts w® and Lagrange multipliers d* whose BRST transfor-
mation is defined up to a new gauge symmetry;

(c) Construction of a gauge fizing action Ag to be added to the classical Green-Schwarz
action Agg such that its variation under BRST cancels that of the classical action
thanks to the non vanishing BRST variation of the Lagrange multipliers amounting
to new gauge symmetries.

Let us begin with step (a).

4.1 The constrained BRST algebra from the FDA

Applying the general procedure we can obtain the explicit form of the constrained BRST
algebra suitable for either the type ITA or the type IIB theory by performing the ghost-form
extension of the Free Differential Algebra curvature definitions and parametrizations suc-
cessively setting to zero the bosonic ghosts. Actually, once the principle has been clarified
we can perform the two steps at once by considering the purely fermionic extension, namely:
P

Ve Ve

B2 — BE

cll — ¢l

cBl — B
YR — Yr/R + AL/R- (4.1)

Fach extended curvature definition Rgﬂf and each extended curvature parametrization

f{[lfa]r decomposes into ghost sectors according to:
Rl = R+ Ry R
R, = REY 4 RV 4 REPZ2 (4.2)

par par
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where we stop at ghost number g = 2 since neither in the curvature definitions nor in the
curvature parametrizations there appear higher than quadratic powers of the ¢ g forms.
Then we have to impose:

Riy = RED
Rggl,l] _ nga;l,l]
RI:22 — Rlp-22 (4.3)

The first of egs. (f.J) is simply the rheonomic parametrization of the classical curvature we
started from. The second equation defines the constrained BRST transformation of all the

physical fields. The last of eqs. ([l.3) defines the BRST transformation of the ghost fields

the pure spinors) when the right hand side is non zero R[pa;2,2] # 0) and the quadratic
D

pure spinor constraints Rg'g?,?] = 0 when the right hand side is zero R[Ifa;m} = 0. Let us
write the result of these straightforward manipulations.

4.2 The constrained BRST algebra of type ITA theories

It is also convenient to split the BRST operator into two chiral sectors. The BRST
operator is written as:

S =81+ Sr (4.4)

where Sy, /g shifts in the direction of Af /p.
In this way from the (p — 1,1) sector we obtain the BRST chiral transformations of
the physical fields:

SyrBP = F2 i rTaAL/rV®

_ 3 B .
S1/r CM = F exp[—¢] Yr/L AL/R T 31 expl— ¢ Xr/rTa AL/RV
SprCH = OpiLTap ALyr VA VP — BRI A Sy pC
.1 _ a c
Fig expl= @l Xr/rTabe Ayr Ve AV AV
SprV® =19 pT AR
21

3 ala a: A a
Sp/rYr)r = —DApr F 3 I Ay rV*® Hayagas £ 6 Laxrr W/ T*AL/R)

1 - ai...a
Fiogg LarasX&/L (Vr/r T ALyr)
Spytbrr = MxTphpy VP (4.5)

while from the sectors (p — 2,2) we obtain the transformation of the superghosts:

21 —
SL/RAL/R = iﬁ Laxr/r AL/rT*AL/R)

F1ogg L-as Xa/L AL/rT A R)
SR/L/\L/R =0 (4.6)

— 17 —



and the following pure spinor constraints:

0=ATaAL + ArTu AR (4.7)
0= (ATaAr — AgTaAg) AV (4.8)
0 = exp[—¢] (AR AL) (4.9)
0 = exp[— @] ArTap AL VEA VP, (4.10)

Before discussing the complete structure of the BRST transformations on the background
fields as a consequence of the extension of the rheonomic parameterizations, we need to
clarify how the constraints ({.7)-([.10) have to be understood. It is clear that these
constraints are too strong for a 10d target-space vielbein V¢ and therefore we have to
project them on the 2d surface by embedding the worldsheet into the target-space. In
particular the vielbeins V* must be replaced by the embedding rectangular matrices II9 .
As will be shown in a separate paper [B], the set of constraints given above are equivalent
to the constraints given by [P]. This will be proven by showing that the solution of the
constraints (7)—(£10) gives 22 independent complex degrees of freedom.! 2

Finally it is also necessary to write down the chiral BRST transformations of the
dilatino field:

SL/RXL/R = N AL/R
odd
Sr/LXL/R = N'i ))\R/L- (4.11)
Let us give, for the sake of completeness, the formulas defining the action of the BRST
operator on the field strengths, some of which will be needed in the final section
SunGar = e (300 0™ = 34 f %0 n T A 2 D X s Ty A
/R Yab = € L/RPay — §Zf[a Xr/REy Ar/r+ 51D X r Lt Ayr

3 . even 3 . odd
+5iXL/R I £§,]i ))‘L/R + 5 iXR/L I ﬁz()}i ))\L/R>

o [~ T, { _
Sr/R Gabed = €% <)‘L/R F[abP%L + 3 Jla X R Vbed) AL/r F 3 DiaXr R Tbed AL/R

(even)

T _ 1 _ odd

5 X1/R Dlabe Lgy " Ar/r* 5 XR/L Dlabe Eﬁqi ))\L/R
3. _

—3 i Hiabe X1/R L) AL/R)

St/r Have = F2iAr T ja P%R

L~ c even even
Sr/rDaXL/Rr = 1 (AL/R Ocdalr/r) T X1/R + [Daf\/'i ) (/\/ﬁa); )} AL/R

1 N O O
S1/rPaxr/r = =7 AL/r Ocdalr/t) T xryL + [Da ) Ea)idd)} ALk

In [@] will be shown that one can obtain a solution of the constraints (@)f() with 22 degrees of
freedom, in a G2 and in a SO(8) covariant basis. Finally, it is proven that the constraints are equivalent to
Berkovits’ constraints. As a side result, it is shown that also the geometrically-deduced constraints for ITA
and IIB superstrings are consistent and equivalent.

2The pure spinor constraints for heterotic strings are derived from superembedding formalism in @, @
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even 1 a
SL/R Pab/ = wai ) Arjr = 7 Redan T "Ar/r +2Pr/rAL/R] PaLb/ f
Suirpay” = Ta Ak (4.12)

where we have used the following definitions

(./\/E )(odd — N(even) ﬁ(odd N(odd (even)
(N£ )(even N even) (even —|—N (odd) £(odd)
Tg%vin) _ D[a E(even) +£(even) E(even) +£(odd) £(odd)

b+ [at BES [aF b+
(odd) (odd) (odd) H(even) (even) H(odd)
Ty = D[ E} T L Ly L Ly

By a 1 By abcde
Pr/rlAr/rl = i@ LaXr/p Ar/rT" F gees Labede Xiyp A/p T
We have concluded the derivation of the constrained BRST algebra for type ITA su-
perstrings. Let us now go to step (b).

4.3 The antighosts and the Lagrange multipliers

The structure of the antighosts and of the Lagrange multipliers is motivated by the sort of
gauging fixing one chooses to implement on the fermionic symmetries. Let us recall that
in flat superspace the gravitino 1-form is the exterior derivative of the 6 coordinates:

Yr/r = dfr r  (flat superspace) (4.13)
and supersymmetry is nothing else but a translation in 6y /p:
Or/r — OL/r + €L/R- (4.14)
If we choose, as gauge fixing, the conditions:
YpANet =0 ; YrAe =0 (4.15)

we obtain that the spinor field 65 is holomorphic on the world sheet while the spinor field 87,
is antiholomorphic on it. This is a very good starting point to obtain a two-dimensional con-
formal field theory from the pure spinor action we intend to construct. So, relying on this
intuition based on the case of flat superspace, eq. (f.17) is singled out as our choice. There
are no other compelling a-priori reasons to make such a choice but, once it is made, all the
other steps are essentially determined and lead to an algorithmic derivation of the action.

Indeed, in order to obtain eqgs. () as variational equations associated with Lagrange
multiplier fields, we decide that these latter are a pair formed by a left handed SO(1,9)
spinor d+ and a right handed SO(1,9) spinor d_ which will finally appear in the Lagrangian
through terms of the following form:

4 divr Aet +doyYp Ae + ... (4.16)
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This choice determines also the representation assignments of the antighost fields w4 which
are introduced as those chiral spinors of ghost number ¢ = —1 that play the role of
predecessors of the d+ fields through the following relations:

Spwy = d4

Spwy =0

Spw_ =0

Spw_ =d_. (4.17)

From eq. (J.17) one might conclude that the BRST operators on the fields d+ necessarily
make zero, but, as already anticipated, this is not the case. Indeed we can set:

Srdy = &4
Spd =&
Spyrds =0 (4.18)

where £+ encode a new gauge transformation that will be determined later.

Let us clarify this point. In [[], the pure spinor constraints are very simple since they
do not interfere with the background, therefore it is straightforward to derive the gauge
transformations for the conjugate momenta (notice that in [f] the Hamiltonian formalism
has been used). In our case, the pure spinor constraints (.7)—([.1() involve the vielbein V¢
and therefore one can wonder what is the interplay with the rest of the action to derive the
correct gauge transformations. However, one can use the 1.5 formalism [P7] and consider
V% as a non-dynamical field, then one derives the gauge transformations and, at the end,
imposes the equations of motions by replacing V' with the pullbacks II%. In [Rf], it is
shown that, by using an adapted basis for the pullbacks, the amount of gauge symmetry
is the correct one to give 22 degrees of freedom for the conjugate momenta w4..

4.4 The BRST invariant type ITA superstring action

In [f] we constructed a BRST invariant action for the M2 brane with pure spinors where
we used a certain gauge fixing term. This construction seems incomplete because it was
based on a solution of the pure spinor constraints which was not complete. There was an
idea that the gauge fixing term could be related to the cohomology class which defines the
FDA but also this idea appears now doubtful. Indeed the M2 brane action we constructed
has no term of the type:

dTpeq - Feld (4.19)

where d is the Lagrange multiplier field and F .y denotes the 4-index field strength. This
is a clear indication that the assumptions made were too restrictive since a term of the
form (4.19) is the vertex of Ramond Ramond fields and it is an essential part of the
Berkovits’ superstring Lagrangian. On the other hand this latter should be related to the
M2-brane action by double dimensional reduction, at least in the case of type ITA theory
and this cannot produce terms of the form (j1.19) if they are missing in higher dimension.
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Hence it is mandatory to repeat the construction of the type ITA and also of the type IIB
pure spinor superstrings from scratch. Differently from what it was assumed by Berkovits
we have shown that the constraints are not the same in all cases and, in particular, they are
not the same for type IIB and type IIA superstrings. Moreover they feel the background
and are not given once for all. In a separate forthcoming publication [Pg] two of us will
discuss the solution of the new formulation of pure spinor constraints streaming from FDA
and rheonomy. Anticipating the result proved in [P, we state that, notwithstanding their
different structure the background dependent constraints derived from the FDA lead to the
same counting of degrees of freedom as in Berkovits’ approach both in the type IIA and
type IIB case, namely 22. In the case of type ITA, which is presently under consideration
the pure spinor constraints are given by eqs. (7)), (E8), (£.9), (E10). In the presence
of these constraints and using the Lagrange multiplier and antighosts discussed in the
previous section we now construct an addendum Ang to the Green-Schwarz action such
that its BRST variation exactly cancels the BRST variation of the latter:

(S + Sr) Ay = — (S + Sgr) Acs - (4.20)

In order to perform such a construction we begin by writing down the BRST variation of
the Green-Schwarz action. This is immediately obtained from eq. (B.11]) by replacing the
supersymmetry parameter with the pure spinor superghost and setting the parameter ¢ to
its value g = 1:

(S + Sg) Ags = / 2i [AgTyvpA et — AT g Ae ] . (4.21)

Next we introduce the following ansatz for the gauge fizing action:

A = Sg (W v Aet) + S (W-vp Ae)
+SpSL (W Quw_e™ Ae) (4.22)
where (Q is a matrix in spinor space constructed by saturating gamma matrices only with
physical curvature components. The precise form of Q will now be determined by imposing
eq. (1.20). The fact that it depends on physical fields only implies that the action of the
operators S% and 8123 on them are zero modulo Lorentz transformations and this allows the
following formal manipulations:
(SL + Sg) A = Sk (Wevr Ael) + SE (W_vr Ae)
—8r S, (@4_ PYr A €+) — 8. Sk (@4_ PYr A €+)
+ 8. 8% (wy Qu_et AeT)
—SrS? (W Qw_e" Ne) . (4.23)
Next taking into account that the only field on which S% /g 18 non zero is wx, from eq. (E23)
we obtain:
(Sp+Sp) Ayt =& vn net + &y Ne
+Sk [Wy S, (Wr) N et —w Q& et A e
+8. [W_Sr (W) Nem + &, Qu_et AeT] . (4.24)
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Combining these results with the BRST variation of the Green-Schwarz action given in
eq. (f.21)) conclude that we have BRST invariance of the complete action, namely:

(St + Sr) (Aas + AL*) =0 (4.25)
if the following conditions are verified:

E Yr ANet = —=20gTiyp Aet, (4.26)

E_Yp Nem = 2iAT_yp Ae, (4.27)

and moreover if the arguments of Sg/, in the last two lines of eq. (4.24) vanish separately.
Conditions ([24), (E27) allow to determine the gauge transformation of the anti-ghost
fields, namely £1. We indeed find:

L = —2i gDy ; € =2iAT_, (4.28)
or, equivalently,

€ =2T Ag; & =—-2T_)\p. (4.29)

We next require the vanishing of the arguments of Sg/;, in the last two lines of eq. ({.24).
This implies

0=w,8. (Yr) Net —w, Q& et Ae” =
=W M_T_Apet Ae” —2iw QT _Apet Ae, (4.30)

where we have used the last of equations ([L.5) to express Sy, g (¢Yr/1). Equation ([£30) is
satisfied provided we make the following identification:

M_ =2iQ. (4.31)
The second condition reads:

0=w_Sg (Yr) Ne  +& Qu_et Ne =
=wW_M,;Tydget Aem —2i T Quw_et ANe. (4.32)

Now we may use the following property:
WM, T Ag = w C M Ty Ag = NoCT O "ML Cw_ = ATy Myw_, (4.33)

where C' denotes the charge conjugation matrix, defined by the property C~'T', C = —T'L,
and My = O~ M% C. Equation (f339) then implies

M, =2iQ, (4.34)
which is consistent with (.31]) since
Mi = Mx. (4.35)
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4.5 Explicit form of the pure spinor s-model action

Here we explicitly compute the terms coming form new piece of the action denoted by AIngA
by acting with the BRST operators Sg, and Si on the ”gauge-fixing” terms
A = Sp (W Aet) + Sy (W_vr Ae)
+SrSL (@Jr Qu_et A e_)
—d p Aet+d v Ae + %H+M_d_
~Wy (Srvr) A et —w- (Spr) Ae”

—%w+(sRM )d_ +;d+(SLM )w —%@+(SRSLM_)w_ (4.36)

where the action of & on ¥ g is given in (EH), while the action of S on the spinor
matrices M4 can be deduced by computing the corresponding BRTS variation of the
tensors in (2-20)), which read as follows

- R/L 1a L abe By a
SL/RM— = :]:g )\L/Rpab/ r b_ )\L/Rfabp B/ r bed _ 6 )‘L/RF[an}XL/RF b
1 - o I
i3—2 AL/R Ulabe Dd}XL/RP FXRAL AR =0 T XL AR A, =0 (4.37)

where we have defined A, /R in the following way

3 3 (even) 3 (odd)
16 fla T Ar/r — 7 Valyz  Ar/r = 76 Dol AL/r

_ 3.
L/R = <:]:1—62)\L/R6@Gab+ 16 16

9 even 9
6 Zrab./\/( )‘L/Ri ZFabN (odd) /\R/L> ® I

3 . even
+ <:F3—2 iAL/R €Y Gabed — 55 H[abc Ly Ar/L i [abcﬁ( ) AR/L

dF
i LD\ T L —ﬂ N{evem) \
32 l[abc~q+ "L/R 32 [at bed] "R/L 256 Labed L/R
31
~556 abcd/\/ D g L) ® rabed (4.38)

The complete expression of Sg Sy, M_, which can be computed using the above formulas,
is rather involved. Therefore we shall give it below for x = 0

i~ even 1 c a
[SrSL M-,y = —5 L <Tgb_ ) _ 7 ReaaT d> Ap T
+1_Z6 3T (Tg’f”) _ lRefvchef> Ap [obed
3 N O O
+= L (Db/\/ﬁ W) (N L) ‘“) Ap e

(odd) (odd) abed | Y /(_E\U—e/") -
—3—2 )\Ll“abc (DdN (NE ) ) ArT +)\RN_ L|Ar=0

(odd
+ AN Ax AR=0 (4.39)
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5. Conclusions

We provided a complete geometrical derivation of the pure spinor sigma model for type ITA
superstrings based on the FDA of the corresponding supergravity. The FDA formulation of
the latter had to be adapted to this problem by using directly the string frame rather than
the Einstein frame. This require a field redefinition. It turned out that the solution of the
Bianchi identities and the construction of the supergravity rheonomic parametrization was
much easier derived directly in the string frame than obtainined it from field redefinitions
and dimensional reduction starting from 11d. From this effort, we gained a very simple
rule for the BRST transformations to be used for the pure spinor formulation. The latter
is obtained in a Lagrangian formalism and the result has the advantage to relate the
superfields appearing in the FDA with those appearing in the BRST transformation and
in the sigma model. That is important to have in order a straight path for constructing
the sigma model given in any supergravity background.
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A. Summary tables
B. Derivation of type IIA supergravity in the string frame

The derivation of type IIA supergravity was done in two steps. In the first one, we started
from the D = 11 supergravity FDA and from its rheonomic parametrization and we reduce
them on a circle. Next, we perform a Weyl rescaling and gravitino field redefinition to go
to the string frame. In the second step, we derived the rheonomic parametrization directly
by solving the Bianchi identities in the D = 10 in the string frame. Here, we just sketch
such a derivation.

B.1 The D=11 FDA

We start from the FDA of M-theory whose complete set of curvatures is given below [[[7, [[§]:

T = DV® — i%@ ATOw (B.1)
R = d® — 0% A QF (B.2)
ﬁ:D\IlEd\I/—iQE/\F%\I/ (B.3)
Fi = qaB) — %@ AT U A VIAVE (B.4)
FI7 = dall — 1574 A AP — % VEAVE A TATZU A AP
—i%TArm\yAVHA---AVﬁ (B.5)
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Map = <§ exple] Gap + o5 Xr Lab XL)

Maped = — 15 xP[¢] Gabed — 505 X1, Tabed XR
No = %X xr
Nav = 1 exple] Gap + 55 XrLab XL =2 Map
Nabea = 57 €x[#] Gabed + T35 Xg Labed XL = — 2 Mabea

Z = NI + 3 Napeg D2
My =1 (FMepT® + Mgpeq T07)
N = FNGT + Ny T F Nypoq T4
N = 4 £ T & & Xy Dave Xy, T = oy Hape T
LAY = MzTa s LE™ = F2 Hap I
% Ea)g?dd; — Nj(Feven) L0 | oD pleven)
)

(Nﬁa)gfven — N:E:even) £Elej1:)en) +N:$;Odd) E,(lofd)

T(even _ D[a 51(753;1:6”) + £(6ven) E(even) + E(Odd) E(Odd)

“oad) (bid)  ~(0id) pevim) . A(even) (odd)
Taor =Dalys TLg Lyp "+ L Lyy

PL/R[)\L/R] = ﬂ:% Iy XR/LXL/RFG F ﬁrabcde XR/LXL/RFadee

Table 3: Tensors and matrices: recalling that G, and Ggpeq denote the supercovariant field
strengths of the Ramond Ramond 1-form and 3-form respectively, Hgape the supercovariant field
strength of the Neveu Schwarz two-form, while x,r denote the chiral components of the dilatino
spinor field and ¢, f, denote the dilaton and its supercovariant derivative, the table above sum-
marizes the precise definition of certain tensors and matrices appearing both in the sigma model
action and in the BRST transformation rules.

In the above equations V® and Q% are respectively the 11D vielbein and spin connection,
U is the 11D gravitino, namely a Majorana spinor valued 1-form of fermionic type with
32-components, while A and Al are a bosonic 3-form and a bosonic 6-form respectively.
Equations (B-), (B:2), (B-J) define the curvatures of the 11D superPoincaré algebra.
According to Sullivan’s second theorem the 3-form APl corresponds to the first FDA
extension of this latter generated by a degree 4 cohomology class, while the 6-form A6
corresponds to a further extension of the FDA generated by a degree 7 cohomology class
of the first extension.

The rheonomic parametrization of the M-theory curvatures is the following one:

. (B.6)

FY = g VI A A VS (>0
L arar b br

FI7 = al A A e o= )

_ S A
p= eV AVE +ig (ralamqf A VT — ST A Vm> Fo—ar  (B.9)
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SL/R B2 — :F21EL/RFa )‘L/R Ve
SL/R clll = ¢ exp[— ] ER/L Ar/r + %i exp[— ¢] Xr/rLaAr/r V*
SprCP = Vg Tas Ay Ve A VP = BRIAS, pC
Fig exp[—¢] Xr/rLabe AL/r VA VA Ve
SprV® = iYL rT AR
St/rvr/r = ~D Ak F 2T AR Vo Hoyapas £ 2 Taxpyr (0, TN\ r)
$ﬁ Lay.asXR/L @L/RF“L"%/\L/R)
Sr/Ltrr = ML TyAg VP
St/rArr = 25 Taxrr A rTAL/R)
F 1950 Lareoas Xryr Aoyr D05 A g
Sr/tAL/r =0
Spwy = d4
St Wy = 0
Spw_ =0
Spw_ =d_
Spdy = 2T, 119 A
Spd- = —2iT, 1% XL
Sprdy =0

Table 4: BRST algebra: in this table we summarize the BRST transformations of the fundamental
fields. In the first box are displayed the BRST transformations of the physical fields encoded in the
supergravity forms: the vielbein V¢, the NS 2-form B[?, the Ramond Ramond forms C!*3! and the
gravitino 97, /g. In the second box those of the (pure spinor) superghosts Ay, , while the third
box gives the transformations of the antighosts w4 and of the Lagrange multipliers d. .

Sr/rGaw = €% (£A1/R P,Ijb/L - 2ifia Xo/rLToAL/r + 3iDy, Xo/rLTo AL/r
+% iXr/r1La E(]e “INp/r+2i1%rsn ia ‘C(]Odd)/\L/R)
S1/R Gabed = €77 (AR F[abpcdq + % flaX XL/R Tyeq) A/r F 5 Dla X XL/R Cyea) AL/r
:F% XL/R F[abcﬁ /\L/R + 5 Xr/L Llabe Ed]i )\L/R — 2 i Hjape Xz/r Ll )\L/R)
Sr/rHabe = F2iA/r o Pbc]
St/rDaxr/r = =5 A/r Ocdalryr) T XL/r + |D GNET — (W )fjen)} AL/R
Si/rDaxr/r = —3 AL/r Ocdalr/r) T xR/ + DaNiOdd) (N L, )id } AL/R
SL/R pE/ B = e AR — L Reaan T Apyr +2Pr/r[Ae ) g
Siin ey’ = T Ayr

Table 5: BRST algebra: in this table we display the BRST transformations of the various field

strenghts.

T T 1
R = R*_V° A V! +ipy, (-r

> abmnc grm[ﬁ 51_7}5 +92 I‘%[m 5%]6) U A Ve

_ — 1 — S
40 A Dy U 00 T raber-ea g fro o (B.10)
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A= Ags + AIA

gf
Ags = / (Hf”F VPnap A et — T2 Vong A e + SIETL n ngy et A e + %Bp])

A = (H+¢R Aetd pp Ae +id, M_d-

~W4 (SrYR) A et —W_ (Spbr) A e”

_l’_
Lm, (SpM_)d_ + i dy (SIM)w_ — i, (SRSLM_)w_) .

Table 6: Pure spinor action: in this table we display the complete form of the pure spinor action
for tyep ITA superstring in a general background. In the formulas below S; M _ and mathcal SpM —

are given in ([.37) and SpS M is given in ([.39) for x = 0

and it implies the following field equations on the space-time components:

. 1
_ TNC1 C2C: cicec3ala B
0= DmF 54 —e€ 8 8Fa1...a4 Fa5...a8

96
abc
0=rT¢ cpE
R _  paereses pheices _ L g7 perer perer (B.11)
cm 2 b :
In all the above equations the overlined latin indices run on eleven values:
ai,ag,... = 0,1,2,...,10 (B.12)
B.2 The type ITA FDA from circle reduction

The D = 10 Free Differential algebra defined in eqs. (R.1)-(R.9) and its rheonomic
parametrization in eqs. (R.26)-(R.33) can now be obtained by dimensional reduction on
a circle S of the algebraic structure described in the previous subsection.

Explicitly, the Kaluza-Klein ansatz realting the D = 11 with the D = 10 items is the
following:

1
V¢ = exp ——cp} Ve

VI = exp :g gp] <d9 + Am>

AB = cBl 4 BRI A <d9 + Am)
1 5 0
U = exp g% (YL + ¥r) + (XL + XR) exp G¥ <d9 + A )
i T 1
—5 eXp [—690] Lr(xe — xr) V", (B.13)

where 6 is the coordinate on the circle.

Inserting this ansatz in the D = 11 curvatures and redefining the D = 10 spin connec-
tion in such a way that the D = 10 torsion is zero, we obtain eqgs. (2.1)-(R.9) and (P.26)-
(.33). Furthermore, from the above KK ansatz inserted in the field equations (B.11), we
get the bosonic field equations of type ITA supergravity in section 2.4.
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C. Conventions

In this appendix we collect all the relevant conventions for the Gamma matrix algebra
utilized in the main text

{Ta, Tv} = 203 a,b=0,...,9 (C.1)
nab:diag{—i-,—,—,—,—,—,—,—,—,—} (Cz)

I} = Ty, Il =0y, 'ivr/r =+YrR- (C.3)

We define the charge conjiugation matrix CT,C~! = —I'!. Due to these definitions

Craa C'Fll Crabacrllbcdea Crabcde are Symmetl‘ic and Ca Crllaba CFabc: I‘11ab07 C(I‘abcd are
antisymmetric.
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